Abstract. We report the results of our empirical investigations on the BatemanHorn conjecture. This conjecture, in its commonly known form, produces rather large deviations when the polynomials involved are not monic. We propose a modified version of the conjecture which empirically demonstrates remarkable accuracy even for modest values of primes.
Introduction
In 1962, Bateman and Horn [1] [2] proposed the following general conjecture concerning the distribution of primes generated from a set of polynomials 1 .
Conjecture 1.1 (The Bateman-Horn Conjecture). Let f 1 , f 2 , · · · , f M ∈ Z[x] be distinct irreducible polynomials with positive leading coefficients, and let
Suppose that f (n) = M i=1 f i (n) does not vanish identically modulo any prime, then for large values of x we have the following asymptotic expression
where the infinite product is over all primes p, and ω f (p) is the number of solutions to the congruence equation f (n) ≡ 0 (mod p).
The Bateman-Horn conjecture is very general, and many well-known conjectures, such as the Hardy-Littlewood Conjectures B, E, F, K, X, P [3] [4], are all special cases of this conjecture.
In proposing this conjecture which now bears their names, Bateman and Horn provided the following heuristic arguments [1] . Since the probability of any number x being a prime number is roughly 1 log x , the probability of f i (n) being a prime number is
, which for large n can be approximated by The wording of the conjecture is mostly from [2] .
Two questions naturally arise. (1) How good is the approximation of replacing 1 log f i (n) with 1 (deg f i ) log n , and (2) how much better would the 'Bateman-Horn Conjecture' be without this approximation? To the best of this author's knowledge, there seems to be little discussion of these two questions in the literature [2] .
Let us perform a naive estimation to answer the first question. Let
). we therefore see that when the polynomial is not monic, the relative errors caused by ignoring the term log a i could be potentially significant for typical counting values around n ∼ 10 15 . It is interesting to note that historically most of empirical studies have been performed on monic polynomials where log a i = 0, therefore the errors never showed up in those studies [5] [6] . The Hardy-Littlewood Conjecture F was expressed as a function of primes rather than the variable n [3] [4], therefore the issue with non-monic polynomials is avoided.
In the next section, we will propose a modified version of the Bateman-Horn conjecture, we then perform empirical computations to compare the two versions of the conjecture with our numerical results.
Empirical Study
2.1. The Modified Conjecture. We will propose the following modified conjecture.
be distinct irreducible polynomials with positive leading coefficients, and let
does not vanish identically modulo any prime, and n 0 is the smallest integer such that ∀ n > n 0 , f i (n) > 1, 1 ≤ i ≤ M, then for large values of x we have the following asymptotic expression
We now apply this modified conjecture to two cases involving non-monic polynomials.
2.2. Sophie Germain Primes. Application of the Bateman-Horn Conjecture to Sophie Germain primes was briefly discussed in [2] , but the authors made no mention of its accuracy. A prime p is a Sophie Germain prime if 2p + 1 is also a prime. Therefore we have two polynomials
For any prime p > 2, the congruence equation f (n) = n(2n + 1) ≡ 0 (mod p) has two solutions, corresponding to n ≡ 0 (mod p) and n ≡ p−1 2
(mod p). For p = 2, f (n) = n(2n + 1) ≡ 0 (mod p) has only one solution n ≡ 0 (mod p). Therefore the Bateman-Horn constant C in equation (1.3) is given by 
where C 2 = 0.66016181584686957393 [7] is the Hardy-Littlewood twin-prime constant [3] [4]. Therefore equation (2.2) becomes
We generated about 29 million Sophie Germain primes using the freely available mathematical software SageMath v8.3 [8] . The largest Sophie Germain prime in the set is of the order 1.1 × 10 10 . The program uses the prime set generated by the function Primes(), and for every prime p in the prime set, it tests whether 2p + 1 is also in the prime set. Table (1) lists our results. The column with the heading π SG (x) corresponds to the actual counting from our empirical computations, while the next two columns correspond to the modified Bateman-Horn conjecture and the originally proposed conjecture, respectively. As can be clearly seen, the modified conjecture gives remarkably close results compared with the actual counting, while the original version of the conjecture produces rather significant deviations. We point out that the modified version of the conjecture gives remarkably acurate estimates for even very modest values of x. That is, equation (2.2) is not just an asymptotic expression, it seems to give very close estimates for almost all values of x.
f (n) = 6n
2 +1. We now present empirical data on the polynomial f (n) = 6n 2 +1. Denote the prime counting function by π 6 (x). We need to calculate ω(p), the number of solutions to the congruence equation This infinite product is known to converge extremely slowly (and not absolutely). One 
We then have
The infinite product in equation (2.6) converges as p −2 . We note that the character (−24 | ·) is primitive with a Conrey notation χ 24 (5, ·) in the online L-function database [9] , and the value of its corresponding Dirichlet L-function at s = 1 has a closed form, L(1, (−24 | ·)) = π/ √ 6. Truncating the infinite product in equation (2.6) up to primes ∼ 10 6 , we get C = 2.139124879. We generated 148 million primes of the form 6n 2 + 1 using the mathematical software SageMath v8.3. The primality test is performed using the built-in function is_prime(). The largest prime thus generated has the order of magnitude of 5.4×10
19 , and the corresponding value for n ≈ 7.3 × 10 9 . Table ( 2) lists the value of π 6 (x) and compares it with the estimates from the modified version of the conjecture as well as the original version of the conjecture. Again one can clearly see the remarkable accuracy of the modified conjecture even for modest values of x, while the original version of the conjecture shows considerable deviations, an indication that the value of x ∼ 10 9 is too small for the asymptotic approximation to be accurate.
Conclusion
Empirical computations suggest that the modified Bateman-Horn conjecture, equation (2.2), to be quite accurate over a much wider range of prime values, which is strikingly similar to the fact that Li(x) is a much better approximation of π(x) than the asymptotic expression x log x in the classic Prime Number Theorem. Further work is till needed, such as an estimate of error bounds, as well as possible adaptation to other problems such as the Mersenne primes.
